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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
In this work, an experimental programme consisting in four-point bending and coaxial double ring tests is performed on glass 
specimens with different dimensions. The results are analyzed using a novel probabilistic model aiming at proving the suitability 
of the three-parameter Weibull distribution function to predict failure of structural glass elements under general loading cases. 
The tests evaluation consists in the calculation of the stress distribution for each test modality using a finite element commercial 
code, in the election of a reference parameter and a failure criterion and in the estimation of the shape, location and scale Weibull 
parameters defining the failure cumulative distribution function for the reference p rameter and the effective area. The 
satisfactory results obtained confirm the applicability of t e procedure. 
 
© 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the Scientific Committee of ECF21. 
Keywords: Structural Glass; Experimental Programme; Probabilistic Design. 
1. Introduction 
Glass, as a ceramic material, is characterized by its brittleness, evidencing a fracture behavior conditioned by the 
presence and random distribution of microcracks or defects on the plate surface generated during the fabrication 
process in the float furnace. The fracture occurs as a result of the tension stress intensification at the cracks, causing 
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3. Numerical model 
In this work, a full three-dimensional numerical model has been implemented for each type of test, using the 
commercial finite element software ABAQUS/Explicit v6.12. Despite existing symmetries it was decided to make 
all the geometry of the plates including the four rollers for the 4-point bending simulation, the two rings for the 
coaxial double ring model and the rubber bands with the corresponding boundary conditions. 
Due to the configuration of the test, it is used a mesh with reduced integration continuum shell elements (SC8R) 
for the specimen. According to the experimental procedure the load is applied by imposing a vertical displacement 
to the rollers or loading ring. This displacement is the value measured by the testing machine from the initial 
position until the failure of the specimen in each of the tests performed. Thus, a simulation for each specimen tested 
with the resulting stress distribution, essential for subsequent probabilistic analysis is obtained. 
To validate the numerical model a triple check is made using the formulation of the standard, strain gauges and a 
digital image correlation equipment ARAMIS 5M: GOM. 
On the one hand, it is achieved that in the model, the maximum load applied and the maximum stress in the 
center of the plate match the failure load measured by the testing machine and the stress calculated from the 
formulation of the standard, respectively. 
Furthermore, strain gages are placed on the tensile surface of the specimen, in several significant areas, and the 
strains and stresses are compared with the model. In the 4-point bending tests the strain gauges are located in the 
center, edge and below the loading rollers, and in the case of coaxial double ring the gauges are arranged in the 
center and under the loading ring. And finally, displacements and deformations of the central area of the specimens 
are measured and compared by ARAMIS 5M: GOM equipment. Results with errors less than 5% in all tests were 
achieved. 
4. Probabilistic model 
The fracture of ceramic materials presents a large dispersion of results. The manufacturing process itself 
generates glass surface defects, in principle, under the assumption of isotropic distribution in relation to density of 
cracks and its size, so for mechanical characterization is essential to use probabilistic methods. 
For the calculation of the failure probability it is used the so-called generalized local model (GLM) developed by 
the authors in previous work, Muniz-Calvente (2014, 2015). The GLM allows a direct relationship between the 
critical variable represented on the criterion of fracture and failure probability. This relationship, known as primary 
failure cumulative distribution function (PFCDF) is formulated by a three-parameter Weibull model (1939) for 
minimum values according to the equation: 
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where λ and β are the location parameter and the shape parameter respectively, which depend only on the material 
properties and not on its geometry, while the scale parameter δ depends on the reference area considered, being this 
area chosen for the representation the PFCDF curve fitted with the experimental data obtained by Lamela (2014). In 
this case, the failure criterion is established in function of the critical maximum principal stress, which causes 
specimen breakage and is defined as the generalized parameter. 
The method developed in this probabilistic model (GLM) is performed under the assumption of statistical 
independence between the distributions of failure of the cells, that is, of each finite element in the numerical model, 
and validity of the principle of the weakest link which determines that the probability of global survival of a 
complete plate can be calculated as the product of the probabilities of survival of each of the finite elements Ps, ΔAi, 
so that the failure probability of the entire plate is determined by the expression: 
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one of them to grow, not necessarily that crack subject to the maximum stress, but as a probabilistic result of 
influential factors, such as density, size and orientation of defects. 
So far many authors and some standards tend to use a not very rigorous and sometimes incorrect statistical 
adjustment of experimental results. The error most commonly committed is the realization of statistical adjustment 
based on the failure criterion of a local maximum value, obviating the distribution of such failure criterion in other 
areas of the specimen tested. This, for statistical purposes, means attributing this local maximum value to the whole 
studied area, regardless that there may be zones with a much lower probability of failure. 
In this paper the results of a large experimental programme are presented using glass specimens of different 
dimensions under four-point bending and coaxial double ring tests. Then, a general probabilistic methodology is 
developed to evaluate and compare the mechanical characterization of monolithic glass and the experimental results 
are adjusted to a primary failure cumulative distribution function (PFCDF), based on a three-parameter Weibull 
distribution function, including the scale effect through the consideration of the effective area of each test. 
2. Experimental programme 
In the experimental programme specimens of monolithic annealed glass were tested for each type of test. All 
specimens were obtained from the same matrix plate made by float, thus avoiding possible differences in the 
composition of glass that could involve differences in their mechanical behavior and doubts or errors in the 
interpretation of results. 
Four point bending tests (4P) and coaxial double ring tests with small surface areas (CS) has been programmed to 
characterize the mechanical resistance of the glass. In both cases, tests were performed till fracture with 
displacement control and a stress rate of 2 MPa/s, as indicated in the UNE-EN 1288-3 (2000) and UNE-EN 1288-5 
(2000). 
The 4-point bending tests were carried out in a testing frame with a Walter + Bai AG servo (AH Series 100/250) 
of 100 kN maximum load and beams of 1100 mm long, 360 mm wide and 5 mm thick, whereas for the coaxial ring 
testing an MTS Bionix Uniaxial machine was used with a load cell of 15 kN. A tool was specifically designed for 
this test and the square specimens were 250 x 250 mm and 5 mm thick. 
     
Fig. 1. Coaxial double ring test with small surface areas.  Fig 2. Four-point bending test. 
 
Table 1 lists the characteristic dimensions of the two types of tests. In the 4-point bending test L0 is the distance 
between support and load rollers and L1 is the distance between load rollers. In the coaxial ring testing, r1 and r2 are 
the radii of the load and support ring respectively, as shown in Fig. 1 and 2. 
 
             Table 1. Characteristic dimensions of tests. 
Test Dimensions [mm] Area [mm2] 
4P L0=400 L1=200 
CS r1=30 r2=80 
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where σeq (x, y) is the equivalent stress obtained from the numerical model simulation for each of the elements of 
the plate, σ* it is a reference stress, which is usually the maximum obtained during a test and A the total area of the 
specimen. 
Therefore, the probability of failure for a given Aef is: 
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This involves the introduction of a new concept, the reference area (Aref), which is chosen to make the 
representation of the adjusted cumulative distribution function of the experimental data. It should be noted that this 
value can be chosen freely, not compulsory, but advisable to take a similar value to the actual size of the specimens 
tested. 
With this probabilistic model, it is compared and checked the difference between an analytical study and a finite 
element study. In the analytical analysis it's considered a stress profile in which the maximum stress is constant 
between load rollers and the area which is under the load ring, in the cases of 4-point bending and double coaxial 
ring tests respectively, while in the finite element study a more realistic stress is obtained and therefore non-uniform.  
Two failure criteria were evaluated, taking into account an equivalent stress and the maximum stress. Moreover, 
in order to reduce the biaxial stress state of the coaxial ring test to a uniaxial state, in this paper to calculate the 
equivalent stress it is proposed a failure criterion based on the Principle of Independent Action (PIA) given by 
Barnett (1967) and Freudenthal (1968), using non-negative values of the principal stresses σI, σII, and σIII, obtained 
from the finite element calculations and a constant k = 2.5, with which good fits are obtained, as follows: 
   kkIIIkIIkIeq /1 
                  (8) 
5. Results 
Two types of adjustment have been realized, according to the criteria of maximum stress and equivalent stress, in 
order to check if the biaxial state is relevant, or conversely the maximum stress is the only needed, and therefore 
may be neglected the other two principal stresses.   
The parameters of the Weibull cumulative distribution function estimated from finite element model and 
implemented on the probabilistic model developed for the two types of tests performed are shown in the following 
tables considering, for example, two areas of reference similar to the areas under the loading ring and between the 
loading rollers, that are 3000 mm2 in the Table 2 and 75000 mm2 in the Table 3. The parameters obtained from the 4-
point bending tests (4P), coaxial double ring test with small test surface areas (CS) and equivalent coaxial double 
ring test (CSeq) are presented. 
 
             Table 2. Weibull parameters for Aref = 3000 mm2. 
Test β λ [MPa] δ [MPa] 
4P 2.34 42.07 75.42 
CS 2.01 34.44 71.06 
CSeq 1.94 43.76 71.12 
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where, 
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The scale factor allows calculating the probability of failure for any area size, and therefore the probability of 
failure of each finite element at a given stress from the expression: 
 

  










 
 ;exp1, A
A
P refAf i
                 (4)
 
 
The problem is that although theoretically for the 4-point bending test, the profile of the stress distribution along 
the selected dimension is commonly considered constant, actually it is not. Being more rigorous, it considers that in 
many cases the stress varies along the longitudinal direction of the plate and even in the central section between the 
loading rollers, so it would be an important error taking only the maximum as a representative value.  
Analyzing the numerical model of the 4-point bending test shown in Fig. 3, it is verified that it cannot be 
considered uniform stress in the central part of the plate, as there is a significant variation along the plate width. 
Therefore there will be a big difference between considering the stress distribution of the numerical model and 
the misnamed maximum stress obtained from the standard, since the formulation gives the stress value on a single 
point, the center point, being higher in other sample areas. In this case and because of the dimensions of the plate, 
stresses are greater at the edges and slightly higher under loading rollers than in the center of the specimen, the one 
calculated with the standard formulation and considered constant over the central area between the loading rollers. 
 
 
Fig. 3. Stress distribution of the 4-point bending tests. 
Taking into account the stress distribution obtained numerically for each specimen, it can be referred to an 
effective area, Aef, such that under this constant maximum stress, σmax, present the same probability of failure that 
the complete plate. 
The effective area may be calculated for Weibull bi-parametric models according to Choi et al. (2000), however, 
this article proposes a correction for the same method and for a three-parameter Weibull model, so the expression 
deduced (5) to calculate the characteristic Aef of each of the tests is: 
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where σeq (x, y) is the equivalent stress obtained from the numerical model simulation for each of the elements of 
the plate, σ* it is a reference stress, which is usually the maximum obtained during a test and A the total area of the 
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             Table 2. Weibull parameters for Aref = 3000 mm2. 
Test β λ [MPa] δ [MPa] 
4P 2.34 42.07 75.42 
CS 2.01 34.44 71.06 
CSeq 1.94 43.76 71.12 
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The problem is that although theoretically for the 4-point bending test, the profile of the stress distribution along 
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Fig. 3. Stress distribution of the 4-point bending tests. 
Taking into account the stress distribution obtained numerically for each specimen, it can be referred to an 
effective area, Aef, such that under this constant maximum stress, σmax, present the same probability of failure that 
the complete plate. 
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6. Conclusions 
The main conclusions of this work are the following: 
1. The methodology developed allows a suitable probabilistic characterization of structural monolithic glass to be 
achieved regardless of the test type being performed. 
2. The so-called primary failure cumulative distribution function, referred to an adequate fracture criterion for a 
certain reference area, Aref, allows the failure probability of any glass element subject to a general stress distribution 
to be reliably predicted.  
3. Using the probabilistic model, good agreement is found between the predicted and experimental failure 
Weibull cumulative distribution functions for the tests performed, the stress distribution being calculated by finite 
elements. 
4. The failure criterion proposed to analyze general stress states, based on the Principle of Independent Actions 
(PIA), provides significantly better results than those depending on the maximum stress. However, an optimal 
criterion for handling brittle fracture is still being searched. 
References 
UNE-EN_1288-3:2000, Glass in building. Determination of the bending strength of glass. Part 3: Test with specimen supported at two points 
(four point bending). 
UNE-EN_1288-5:2000, Glass in building. Determination of the bending strength of glass. Part 5: Coaxial double ring test on flat specimens with 
small test surface areas. 
Muniz-Calvente, M., Fernández-Canteli, A., Ramos, A., Shlyannikov, V. N., Castillo, E., 2014. A General failure probabilistic mode extendable 
to different failure criteria (in Spanish), Anales de Mec. Fract. 32, 1. 
Muniz-Calvente, M., Fernández-Canteli, A., Shlyannikov, V. N., Castillo, E., 2015. Probabilistic Weibull methodology for fracture prediction of 
brittle and ductile materials, Appl. Mech. Mater. 784, 443–451. 
Weibull, W., 1939. The phenomenon of rupture in solids, Ing. Vetenskaps Akad. Handlinger, 153. 
Lamela, M.J., Ramos, A., Fernández, P., Fernández-Canteli, A., Przybilla, C., Huerta, C., Pacios, A., 2014. Probabilistic characterization of glass 
under different type of testing, Procedia Materials Science  3,  2111- 2116. 
Choi, S.R., Powers, L.M., Nemeth, N.N., 2000. Slow crack growth behavior and life/reliability analysis of 96 wt % alumina at ambient 
temperature with various specimen/loading configurations,  210206, NASA Technical Memorandum. 
Barnett, R. L., Connors, C. L., Hermann, P. C., Wingfield, J. R., 1967. Fracture of brittle materials under transient mechanical and thermal 
loading, US Air Force Flight Dynamics Laboratory, AFFDL-TR-66-220. 
Freudenthal, A.M., 1968. Statistical Approach to Brittle Fracture, Fracture,  2: An advanced treatises, Mathematical Fundamentals, H. Liebowitz, 
ed., Academic Press,  1-30. 
 
6 Author name / Structural Integrity Procedia  00 (2016) 000–000 
 
 
             Table 3. Weibull parameters for Aref = 75000 mm2. 
Test β λ [MPa] δ [MPa] 
4P 2.34 42.07 7.16 
CS 2.01 34.44 4.58 
CSeq 1.94 43.76 4.49 
 
 
By observing the results of Table 2, the shape parameter (β) and location parameter (λ) practically coincide for 
cases of 4P and CSeq, while in the case of CS, with the failure criterion of maximum stress, λ differs slightly. Also, 
the scale parameter (δ) for CS and CSeq is almost equal and a little greater than for 4P, this indicates that the CSeq 
criterion gives good results but it can be improved. 
If we compare both tables, we see that varying the reference area the only difference is the scale parameter (δ), 
demonstrating the proper functioning of the probabilistic model and the non-influence of the Aref chosen to 
calculating β and λ. The Weibull distribution function is property of the material, so it is independent of the type of 
test performed, but it is important to use an appropriate failure criterion. 
The experimental results are represented in Fig. 4, by the Bernard estimator they have been allocated a failure 
probability based on the maximum stress value obtained in each test, Pf = (i-0.3)/(N+0.4), where i is the sequential 
order of failure and N is the sample size. Moreover, the estimated failure probability curves for each type of test 
depending on the Weibull parameters show in the Tables 2 and 3. There is a good correlation between the curves 
prediction and the experimental result. The methodology presented allows to compare different failure criteria and 
evaluate which one could be the most accurate. Furthermore, in Fig. 4.a) 4-point bending tests failure predictions are 
shown using the Weibull parameters obtained from the probabilistic model applied to the coaxial double ring case 
considering the criterion of maximum tension (CS) and CSeq criterion. If it used the maximum stress criterion (CS), 
the prediction of the 4P function is not good, which shows that the criterion is not adequate. However, the CSeq 
criterion provides a more accurate solution. 
 
 
 
    a)      b) 
Fig. 4. Experimental results and failure predictions: (a) 4P and (b) CS, CSeq. 
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